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e-mail:vpopa@ub.ro

Abstract
By using an m-space (X,mX), we define the notions of gm-closed sets and m-lc-sets and obtain a de-
composition of m-continuity. Then, the decomposition provides a kind of decomposition of weak forms of
continuity.

Keywords: m-structure, m-space, gm-closed, g-closed, m-lc set, locally closed set, decompositions of
weak forms of continuity.

Introduction

It is known that the notion of decomposition of continuity is important in General Topology. There-
fore, many authors [12], [16], [18], [19], [37], [30], [35] and others studied on this subject in
General Topology.

In 1970, Levine [21] introduced the notion of generalized closed (g-closed) sets in topological
spaces. Among many modifications of g closed sets, the notions of αg-closed [22] (resp. gs-closed
[6], gp-closed [28], γg-closed [14], gsp-closed [9]) sets are investigated by using α-open (resp.
semi-open, preopen, b-open, semi-preopen) sets.
The present authors [31], [32] introduced and investigated the notions of m-structures, m-spaces
and m-continuity. In [27], Noiri introduced the notion of generalized m-closed (gm-closed) sets
and tried to construct the unified theory of the notions containing αg-closed sets, gs-closed sets,
gp-closed sets, γg-closed sets and gsp-closed sets.
In this paper, we introduce the notion of m-lc sets as a modification of locally closed sets. By
using the notions of gm-closed sets and m-lc sets, we obtain a decomposition of m-continuity.
Then, the decomposition provides a decomposition of weak forms of continuity (semi-continuity,
precontinuity, β-continuity etc).

Preliminaries

Let (X, τ) be a topological space and A a subset of X . The closure of A and the interior of A are
denoted by Cl(A) and Int(A), respectively.
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Definition 2.1. A subset A of a topological space (X, τ) is said to be semi-open [20] (resp.
preopen [24], α-open[26], b-open [4], β-open [1] or semi-preopen [3]) ifA ⊂ Cl(IntA)) (resp.
A ⊂ Int(Cl(A)), A ⊂ Int(Cl(Int(A))), A ⊂ Cl(Int(A)) ∪ Int(Cl(A)), A ⊂ Cl(Int(Cl(A)))).

The family of all semi-open (resp. preopen, α-open, b-open, β-open) sets in (X, τ) is denoted by
SO(X) (resp. PO(X), α(X), BO(X), β(X)).

Definition 2.2. The complement of a semi-open (resp. preopen, α-open, β-open, semi-preopen,
b-open) set is said to be semi-closed [8] (resp. preclosed [13], α-closed [25], β-closed [1], semi-
preclosed [3], b-closed [4]).

Definition 2.3. The intersection of all semi-closed (resp. preclosed, α-closed, β-closed, semi-
preclosed, b-closed) sets of X containing A is called the semi-closure [8] (resp. preclosure [13],
α-closure [25], β-closure [2], semi-preclosure [3], b-closure [4]) of A and is denoted by sCl(A)
(resp. pCl(A), αCl(A), βCl(A), spCl(A), bCl(A)).

Definition 2.4. The union of all semi-open (resp. preopen, α-open, β-open, semi-preopen, b-open)
sets of X contained in A is called the semi-interior (resp. preinterior, α-interior, β-interior, semi-
preinterior, b-interior) of A and is denoted by sInt(A) (resp. pInt(A), αInt(A), βInt(A), spInt(A),
bInt(A)).

Definition 2.5. Let (X, τ) be a topological space. A subset A of X is said to be

(1) g-closed [21] if Cl(A) ⊂ U whenever A ⊂ U and U ∈ τ ,

(2) αg-closed [22] if αCl(A) ⊂ U whenever A ⊂ U and U ∈ τ ,

(3) gs-closed [6] if sCl(A) ⊂ U whenever A ⊂ U and U ∈ τ ,

(4) gp-closed [28] if pCl(A) ⊂ U whenever A ⊂ U and U ∈ τ ,

(5) gb-closed (or γg-closed [14]) if bCl(A) ⊂ U whenever A ⊂ U and U ∈ τ ,

(6) gsp-closed (or gβ-closed) [9] if spCl(A) ⊂ U whenever A ⊂ U and U ∈ τ .

Definition 2.6. Let (X, τ) be a topological space. A subset A is called a locally closed set (briefly
LC-set) [7], [15] (resp. B-set [36], A7-set [37], η-set [30], BC-set [19], C-set [18]) if A =
U ∩ F , where U is open and F is closed (resp. semi-closed, preclosed, α-closed, b-closed, semi-
preclosed).

Throughout the present paper, (X, τ) and (Y, σ) always denote topological spaces and f : (X, τ)→
(Y, σ) presents a function.

Definition 2.7. A function f : (X, τ)→ (Y, σ) is said to be semi-continuous [20] (resp. precontin-
uous [24], α-continuous [25], b-continuous [4], β-continuous [1]) if f−1(V ) is a semi-open (resp.
preopen, α-open, b-open, β-open) set in (X, τ) for each open set V of (Y, σ).

Definition 2.8. A function f : (X, τ)→ (Y, σ) is said to be g-continuous [5] (resp. gs-continuous
[11], gp-continuous [28], αg-continuous [22], γg-continuous [14], gsp-continuous [9]) if f−1(F )
is g-closed (resp. gs-closed, gp-closed, αg-closed, γg-closed, gsp-closed) in (X, τ) for every
closed set F of (Y, σ).

m-Continuity

Definition 3.1. A subfamily mX of the power set P(X) of a nonempty set X is called a minimal
structure (briefly m-structure) [31], [32] on X if ∅ ∈ mX and X ∈ mX .

By (X,mX), we denote a nonempty set X with a minimal structure mX on X and call it an m-
space. Each member of mX is said to be mX -open and the complement of a mX -openset is said
to be mX -closed.
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Remark 3.1. Let (X, τ) be a topological space. Then the families τ , SO(X), PO(X), α(X),
BO(X) and β(X) are all m-structures on X .

Definition 3.2. Let X be a nonempty set and mX an m-structure on X . For a subset A of X , the
mX -closure of A and the mX -interior of A are defined in [23] as follows:

(1) mX -Cl(A) = ∩{F : A ⊂ F,X − F ∈ mX},

(2) mX -Int(A) = ∪{U : U ⊂ A,U ∈ mX}.

Remark 3.2. Let (X, τ) be a topological space and A be a subset of X . If mX = τ (resp. SO(X),
PO(X), α(X), β(X), BO(X)), then we have

(1) mX -Cl(A) = Cl(A) (resp. sCl(A), pCl(A), αCl(A, βCl(A), bCl(A)),

(2) mX -Int(A) = Int(A) (resp. sInt(A), pInt(A), αInt(A), βInt(A), bInt(A)).

Lemma 3.1 (Maki et al. [23]). Let (X,mX) be an m-space. For subsets A and B of X , the
following properties hold:

(1) mX -Cl(X −A) = X −mX -Int(A) and mX -Int(X −A) = X −mX -Cl(A),

(2) If (X −A) ∈ mX , then mX -Cl(A) = A and if A ∈ mX , then mX -Int(A) = A,

(3) mX -Cl(∅) = ∅,mX -Cl(X) = X , mX -Int(∅) = ∅ and mX -Int(X) = X ,

(4) If A ⊂ B, then mX -Cl(A) ⊂ mX -Cl(B) and mX -Int(A) ⊂ mX -Int(B),

(5) A ⊂ mX -Cl(A) and mX -Int(A) ⊂ A,

(6) mX -Cl(mX -Cl(A)) = mX -Cl(A) and mX -Int(mX -Int(A)) = mX -Int(A).

Definition 3.3. A minimal structure mX on a nonempty set X is said to have property B [23] if
the union of any family of subsets belonging to mX belongs to mX .

Remark 3.3. Let (X, τ) be a topological space and mX = SO(X) (resp. PO(X), α(X), β(X),
BO(X)), then mX satisfies property B.

Lemma 3.2 (Popa and Noiri [33]). Let (X,mX) be an m-space and mX satisfies property B .
Then for a subset A of X, the following properties hold:

(1) A ∈ mX if and only if mX -Int(A) = A,

(2) A is mX -closed if and only if mX -Cl(A) = A,

(3) mX -Int(A) ∈ mX and mX -Cl(A) is mX -closed.

Definition 3.4. Let (X, τ) be a topological space and mX an m-structure on X . A subset A is
said to be generalized m-closed (briefly gm-closed) [27] if mX -Cl A) ⊂ U whenever A ⊂ U and
U ∈ τ . The complement of a gm-closed set is said to be gm-open.

Remark 3.4. Let (X, τ) be a topological space and A a subset of X . If mX = τ (resp. SO(X),
PO(X), α(X), BO(X), β(X)) and A is gm-closed, then A is g-closed (resp. gs-closed, gp-closed,
αg-closed, γg-closed, gsp-closed).

Definition 3.5. Let (X, τ) be a topological space and mX an m-structure on X . A subset A is
called an m-lc set if A = U ∩ F , where U ∈ τ and F is mX -closed.

Remark 3.5. Let (X, τ) be a topological space and A a subset of X . If mX = τ (resp. SO(X),
PO(X), α(X), BO(X), β(X)) and A is an m-lc set, then A is an LC set (resp. a B-set, an A7-set,
an η-set, a BC-set, a C-set).

Definition 3.6. Let f : X → Y be a function, where X is a nonempty set with a minimal structure
mX and Y is a topological space. The function f : X → Y is said to be m-continuous [32] if for
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each x ∈ X and each open set V of Y containing f(x), there exists a subset U ∈ mX containing
x such that f(U) ⊂ V .

Lemma 3.3 (Popa and Noiri [32]).For a function f : X → Y , where X is a nonempty set with a
minimal structure mX and Y is a topological space, the following properties are equivalent:

(1) f is m-continuous;

(2) f−1(V ) = mX -Int(f−1(V )) for every open set V of Y ;

(3) mX -Cl(f−1(F )) = f−1(F ) for every closed set F of Y .

Corollary 3.1. (Popa and Noiri [32]) Let X be a nonempty set with a minimal structure mX

satisfying property B and Y a topological space. For a function f : X → Y , the following are
equivalent:

(1) f is m-continuous;

(2) f−1(V ) is mX -open in (X,mX) for every open set V of Y ;

(3) f−1(F ) is mX -closed in (X,mX) for every closed set F of Y .

Remark 3.6. Let (X, τ) be a topological space and mX an m-structure on X .If f : (X, τ) →
(Y, σ) is m-continuous and mX = τ (resp. SO(X), PO(X), α(X), BO(X), β(X)), then f is con-
tinuous (resp. semi-continuous, precontinuous, α-continuous, b-continuous, β-continuous).

Decompositions of m-continuity

Theorem 4.1. Let (X, τ) be a topological space andmX a minimal structure onX having property
B. Then a subset A of X is mX -closed if and only if it is gm-closed and an m-lc set.

Proof. Necessity: Suppose that A is mX -closed in X . Let A ⊂ U and U ∈ τ . Since A is mX -
closed, by Lemma 3.2 A = mX -Cl(A) and hence mX -Cl(A) ⊂ U . Therefore, A is gm-closed.
Since A = X ∩A, A is an m-lc set.

Sufficiency: Suppose that A is gm-closed and an m-lc set. Since A is an m-lc set, A = U ∩ F ,
where U ∈ τ and F is mX -closed in X . Therefore, we have A ⊂ U and A ⊂ F . By the
hypothesis, we obtain mX -Cl(A) ⊂ U and mX -Cl(A) ⊂ F and hence mX -Cl(A) ⊂ U ∩F = A.
Thus, mX -Cl(A) = A and by Lemma 3.2 A is mX -closed.

Corollary 4.1. Let A be a subset of a topological space (X, τ). Then, the following properties
hold:

(1) A is closed if and only if A is g-closed and an LC-set.

(2) A is semi-closed if and only if A is gs-closed and a B-set.

(3) A is pre-closed if and only if A is gp-closed and an A7-set.

(4) A is α-closed if and only if A is αg-closed and an η-set.

(5) A is b-closed if and only if A is γg-closed and a BC-set.

(6) A is β-closed if and only if A is gsp-closed and a C-set.

Definition 4.1. Let (X, τ) be a topological space and mX a minimal structure on X . A function
f : (X, τ)→ (Y, σ) is said to be
(1) gm-continuous if f−1(F ) is gm-closed in (X, τ) for each closed set F of (Y, σ),

(2) contra m-lc-continuous if f−1(F ) is an m-lc set of (X, τ) for each closed set F of (Y, σ).

Remark 4.1. Let (X, τ) be a topological space and mX an m-structure on X .
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(1) If mX = τ (resp. SO(X), PO(X), α(X), BO(X), β(X)) and f : (X, τ) → (Y, σ) is gm-
continuous, then we obtain Definition 2.8.

(2) If mX = τ (resp. SO(X), PO(X), α(X), BO(X), β(X)) and f : (X, τ) → (Y, σ) is contra
m-lc-continuous, then f is said to be contra LC-continuous (resp. contra B-continuous, contra
A7-continuous, contra η-continuous, contra BC-continuous, contra C-continuous).

Theorem 4.2. Let (X, τ) be a topological space andmX a minimal structure onX having property
B. Then a function f : (X, τ) → (Y, σ) is m-continuous if and only if f is gm-continuous and
contra m-lc-continuous.

Proof. This is an immediate consequence of Theorm 4.1 and Corollary 3.1.

Corollary 4.2. For a function f : (X, τ)→ (Y, σ), the following properties hold:

(1) f is continuous if and only if f is g-continuous and contra LC-continuous.

(2) f is semi-continuous if and only if f is gs-continuous and contra B-continuous.

(3) f is precontinuous if and only if f is gp-continuous and contra A7-continuous. (4) f is α-
continuous if and only if f is αg-continuous and contra η-continuous. (5) f is γg-continuous if
and only if f is γg-continuous and contra BC-continuous. (6) f is β-continuous if and only if f
is gsp-continuous and contra C-continuous.

Definition 4.2. A function f : (X, τ) → (Y, σ) is said to be contra-continuous [10] if f−1(F ) is
open in (X, τ) for each closed set F of (Y, σ).

Theorem 4.3. Let (X, τ) be a topological space andmX a minimal structure onX having property
B. Then, a contra continuous function f : (X, τ) → (Y, σ) is m-continuous if and only if f is
gm-continuous.

Proof. Suppose that f is contra continuous and gm-continuous. Let F be any closed set of (Y, σ).
Since f is contra-continuous, f−1(F ) is open in (X, τ) and hence anm-lc-set of (X, τ). Since f is
gm-continuous, f−1(F ) is gm-closed and hence, by Theorem 4.1, f1(F ) is m-closed. Therefore,
f is m-continuous. The converse is obvious.

Corollary 4.3. Let f : (X, τ) → (Y, σ) be a contra-continuous function. Then the following
properties hold:

(1) f is continuous if and only if f is g-continuous.

(2) f is semi-continuous if and only if f is gs-continuous.

(3) f is pre-continuous if and only if gp-continuous.

(4) f is α-continuous if and only if f is αg-continuous.

(5) f is b-continuous if and only if f is γg-continuous. (6) f is β-continuous if and only f is
gsp-continuous.

New forms of decomposition of m-continuity

First, we recall the θ-closure and the δ-closure of a subset in a topological space. Let (X, τ) be a
topological space and A a subset of X . A point x ∈ X is called a θ-cluster (resp. δ-cluster) point
of A if Cl(V ) ∩A 6= ∅ (resp. Int(Cl(V )) ∩A 6= ∅) for every open set V containing x. The set of all
θ-cluster (resp. δ-cluster) points of A is called the θ-closure (resp. δ-closure) of A and is denoted
by Clθ(A) (resp. Clδ(A))[38].

Definition 5.1. A subset A of a topological space (X, τ) is said to be (1) δ-preopen [34] (resp.
θ-preopen [29]) if A ⊂ Int(Clδ(A)) (resp. A ⊂ Int(Clθ(A))),
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(2) δ-β-open [17](resp. θ-β-open [29]) if A ⊂ Cl(Int(Clδ(A))) (resp. A ⊂ Cl(Int(Clθ(A)))).

By δPO(X) (resp. δβ(X), θPO(X), θβ(X)), we denote the collection of all δ-preopen (resp.
δ-β-open, θ-preopen, θ-β-open) sets of a topological space (X, τ). These four collections are m-
structures with property B.

Definition 5.2. The complement of a δ-preopen (resp. θ-preopen, δ-β-open, θ-β-open) set is said
to be δ-preclosed (resp. θ-preclosed, δ-β-closed, θ-β-closed).

Definition 5.3. Let (X, τ) be a topological space and A a subset of X .The intersection of all
δ-preclose (resp. θ-preclosed, δ-β-closed, θ-β-closed) sets of X containing A is called the δ-
preclosure (resp. θ-preclosure, δ-β-closure, θ-β-closure of A and is denoted by pClδ(A) (resp.
pClθ(A), spClδ(A), spClθ(A)).

For subsets of a topological space (X, τ), we can define many new variations of g-closed sets.
For example, in case mX = deltaPO(X), δβ(X), θPO(X), θβ(X), we can define new types of
g-closed sets as follows:

Definition 5.4. A subset A of a topological space (X, τ) is said to be gδp-closed [19] (resp. gθp-
closed, gδsp-closed, gθsp-closed) if Cl(A) ⊂ U whenever A ⊂ U and U is δ-preopen (resp.
θ-preopen, δ-β-open, θ-β-open) in (X, τ).

Definition 5.5. A subset A of a topological space (X, τ) is called a δp-lc set or ξ-set [19] (resp.
θp-lc set, δβ-lc set, θβ-lc set) if A = U ∩ F , where U is open in (X, τ) and F is δp-closed (resp.
θp-closed, δ-β-closed, θ-β-closed) in (X, τ).

Corollary 5.1. For a subset A of a topological space (X, τ), the following properties hold:

(1) A is δ-preclosed if and only if A is gδp-closed and a δp-lc set (Theorem 4 of [19]).

(2) A is θ-preclosed if and only if A is gθp-closed and a θp-lc set.

(3) A is δ-β-closed if and only if A is gδsp-closed and a δβ-lc set.

(4) A is θ-β-closed if and only if A is gθsp-closed and a θβ-lc set.

Proof. Let mX = δPO(X)), θPO(X), δβ(X)and θβ(X). Then this is an immediate consequence
of Theorem 4.1.

By defining functions similarly to Definition 4.1, we obtain the following decompositions of weak
forms of continuity:

Corollary 5.2. For a function f : (X, τ)→ (Y, σ), the following properties hold:

(1) f is δ-precontinuous if and only if f is gδp-continuous and δplc-continuous.

(2) f is θ-precontinuous if and only if f is gθp-continuous and θplc-continuous.

(3) f is δ-β-continuous if and only if f is gδsp-continuous and δβ-lc-continuous.

(4) f is θ-β-continuous if and only if f is gθsp-continuous and θβ-lc-continuous.

Proof. This is an immediate consequence of Theorem 4.2.
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[4]Andrijevi ć D., On b-open sets , Mathematics Vesnik, 48, pp. 59–64, 1996

[5]Balachandran K., Sundaram P., Maki H., On generalized continuous maps in topological
spaces, Memoirs of Faculty of Science Kochi University, Series A, Mathematics, 12, pp.
5–13, 1991.

[6]Bhattacharyya P., Lahiri B. K., Semi-generalized closed sets in topology, Indian Journal of
Mathematics, 29, pp. 375–382, 1987

[7]Bourbaki N., General Topology , Part. I, Springer-Verlag, 1989

[8]Crossley S. G., Hildeband S. K., Semi-closure, Texas Journal of Science, 22, pp. 99–112,
1971

[9]J. Dontchev J., On generalizing semi-preopen sets, Memoirs of Faculty of Science Kochi
University, Series A, Mathematics, 16, pp. 35–48, 1995

[10]Dontchev J., Contra continuous functions and S-closed spaces, International Journal of
Mathematics and Mathematical Sciences, 19, pp. 303–310, 1996

[11]Devi R., Balachandran K., Maki H., Semi-generalized homeomorphisms and generalized
semi-homeomorphisms in topological spaces, Indian Journal of Pure and Applied Mathe-
matics, 26, pp. 271–284, 1995

[12]Dontchev J., Ganster M., On δ-generalized closed sets and T3/4 spaces, Memoirs of Faculty
of Science Kochi University, Series A, Mathematics, 17, pp. 15–31, 1996

[13]El-Deeb N., Hasanein I. A., Mashhour A. S., Noiri T., On p-regular spaces,Bulletin Mathe-
matique de la Societe des Sciences Mathematiques de Roumanie, 27(75), pp. 311–315, 1983

[14]Fukutake T., Nasef A. A., El-Maghrabi A. I., Some topological concepts via γ-generalized
closed sets, Bulletin of Fukuoka University, Ed. III , 52, pp. 1–9, 2003

[15]Ganster M., Reilly I. L., Locally closed sets and LC-continuous functions, International
Journal of Mathematics and Mathematical Sciences, 12, pp. 417–424, 1989

[16]Ganster M., Reilly I. L., A decomposition of continuity, Acta Mathematica Hungarica, 56,
pp. 299–301, 1990.

[17]Hatir E., Noiri T.,Decompositions of continuity and complete continuity , Acta Mathematica
Hungarica, 113, pp. 281–287, 2006

[18]Hatir E., Noiri T., Yuksel S.,A decompositions of continuity, Acta Mathematica Hungarica,
70, pp. 145–150, 1996

[19]Keskin A., Noiri T.,On new decompositions of complete continuity and precontinuity, Studii
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O descompunere a m-continuităţii

Rezumat

Folosind un m-spaţiu (X,mX), definim noţiunile de mulţimi gm-ı̂nchise si de m-lc-mulţimi şi
obţinem o descompunere a m-continuităţii. Această descompunere permite apoi obţinerea unor
descompuneri ale formelor slabe de continuitate.
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